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Nuclear Matter with the 3D-Skyrme-Hartree-Fock Method
W. G. Newton
Department of Physics, Texas A&M University-Commerce, Commerce, Texas 75429-3011, USA
Abstract. The first results of a new three-dimensional, finite temperature Skyrme-Hartree-Fock+BCS study of the properties
of inhomogeneous nuclear matter at densities and temperatures leading to the transition to uniform nuclear matter are
presented. A constraint is placed on the two independent components of the quadrupole moment in order to self-consistently
explore the shape phase space of nuclear configurations. The scheme employed naturally allows effects such as (i) neutron
drip, which results in an external neutron gas, (ii) the variety of exotic nuclear shapes expected for extremely neutron heavy
nuclei, and (iii) the subsequent dissolution of these nuclei into nuclear matter. In this way, the equation of state can be
calculated across phase transitions from lower densities (where one dimensional Hartree-Fock suffices) through to uniform
nuclear matter without recourse to interpolation techniques between density regimes described by different physical models.
PACS: 21.60.Jz,97.60.Bw,21.65.-f,21.65.Mn,26.60.Gj,26.60.Kp,26.60.-c
INTRODUCTION
The equation of state (EoS) of nuclear matter is one of the main theoretical contributions to models of neutron
stars (NSs) and collapsing stellar cores (SNe). It is derived from the microphysics of nucleon-nucleon interactions
in-medium and is ill-constrained throughout most of the density and temperature regime realised in astrophysical
situations (baryon number densities nb ∼ 10−11 fm−3 to ∼1 fm−3 and temperatures ∼ 0−100MeV). As such, we look
to observational properties of NSs and SNe to serve as constraints on the bulk properties of nuclear matter and its EoS.
To facilitate this endeavor, the EoS of stellar matter should be constructed, as far as possible, using the same
underlying physical model and at the same level of approximation over the whole range of densities and temperatures
occuring in SNe and NSs. The EoS should be calculated self-consistently across all relevant phase transitions and
where multiple phases co-exist. Quantities that are specified with a given EoS (e.g. pressure, energy density) should
be extended to include electrical, mechanical, thermal and transport properties of matter (as has been argued in Lin et
al [1]), again, all calculated with the same underlying physical model and at the same level of approximation.
An important phase transition in bulk nuclear matter occurs at densities just below nuclear saturation density
ns ≈ 2.5 × 1014 g cm−3 when inhomogeneous nuclear matter (nuclei or nuclear clusters immersed in a neutron
gas) dissolve into uniform nuclear matter. At densities just below the transition density the inhomogeneous matter
is frustrated and may undergo a series of transitions in the shape of the nuclear clusters; from spherical to cylindrical
to slab to cylindrical hole to spherical hole, commonly referred to as the nuclear ‘pasta’ phases [2, 3, 4]. Developing
an EoS across this transition region together with a self-consistent determination of the transition density at various
temperatures is a challenging task; in this proceeding a new attempt to do just this will be discussed.
There have been two methods employed to describe inhomogeneous nuclear matter self-consistently from a mi-
croscopic stand-point (using nucleons as the fundamental degrees of freedom). The Quantum Molecular Dynamics
(QMD) method and similar [5, 6, 7, 8, 9] are semi-classical approaches which can treat large numbers of nucleons
at once (up to ∼ 100,000 so far), thus describing long-wavelength thermal and transport effects; however they do
not quantum mechanical shell effects and band structure self-consistently, if at all. The mean-field Hartree-Fock (HF)
method [10] is fully quantum mechanical; however, computational limitations currently confine HF calculations to
dealing with a few thousand nucleons at most. The two approaches must therefore be viewed as complementary to
each other.
In this proceeding calculations performed using the HF method with the widely used Skyrme energy-density
functional are discussed. In such calculations, one assumes that matter can be described as locally consisting of
periodic unit cells containing one nucleus or nuclear cluster. At densities much lower than nuclear saturation density
it is adequate to perform calculations in one dimension (spherical symmetry) using the spherical Wigner-Seitz (WS)
approximation, in which the unit cell is replaced by a spherical cell of the same volume; however, as one approaches
the transition density the nuclear clusters become more and more closely spaced and deformed, and the spherical
WS approximation breaks down [11]. Three-dimensional calculations are therefore performed in cartesian co-ordinate
space. The 3D calculations are intended to act as a consistent bridge between the lower density 1D calculations and
the uniform matter calculations for which the HF equations yield an analytic solution.
Our study extends work done by Magierski and Heenen and more recently by Gögelein and Muther [12, 13]. Both
3D-HF studies to date have calculated nuclear configurations at only a limited number of values of density, proton
fraction, and number of nucleons in the unit cell, and only for neutron star crustal matter. Only the most recent [13]
has attempted a calculation at finite temperature. The study of Magierski and Heenen [12] imposed a constraint on
one of the proton quadrupole moments; however, to self-consistently probe the energy of various pasta shapes, both
independent quadrupole moments should be constrained. Finally, it is not clear what role the numerical method itself
plays in the results obtained; for example, what are the effects of the finite computational cell?
The computational scheme presented in this paper is constructed to be flexible enough to easily adopt a variety
of nuclear interactions other than those of the Skyrme type, and to study different boundary conditions. Notably, in
the application to zero-temperature beta-equilibrium neutron star matter requires full Bloch boundary conditions to
determine the band structure of the neutron gas single particle energy spectrum. In this proceeding some numerical
and physical properties of the 3D-HF method applied to inhomogeneous matter are discussed in the light of the first
results of our calculations.
NUMERICAL DETAILS
The Skyrme-Hartree-Fock (SHF) method is widely used and has been documented extensively elsewhere [10]. A full
account of the details of the code used in this study can be found in [14]. Here some of the computational details
relevant to the study of nuclear matter are highlighted.
The Hartree-Fock equations are solved in co-ordinate space in one cubic unit cell of the locally periodic nuclear
matter. Note that this choice admits several different crystal lattice types; simple cubic (sc), body centered cubic (bcc)
and face centered cubic (fcc). To reduce the computational task further, only nuclear configurations that conserve
reflection symmetry in the three Cartesian directions are considered. It follows that the computation need be performed
only in one octant of the unit cell. The spin-orbit interaction is currently omitted. Pairing is included at zero-
temperature using the BCS formalism with a simple contact potential and finite temperature effects are imposed
through a Fermi-Dirac distribution of single-particle occupation numbers. Periodic boundary conditions are enforce
implicitly by using the Fourier transform method to calculate derivatives and the Coulomb potential.
Due to the frustrated nature of the matter, it is expected that the absolute minimum energy of the cell is not going to
be particularly pronounced and there will be a host of local minima separated by relatively small energy differences. In
order to systematically survey the ‘shape space’ of all nuclear configurations of interest, the quadrupole moment of the
neutron density distribution is parameterized, and those parameters constrained. It is expected that the proton density
distribution will follow closely that of the neutrons, so no constraint is imposed on the proton density quadrupole
moments. Deformations are referred to in terms of the deformation ‘polar’ co-ordinates (β ,γ). β gives the magnitude
of the deformation and γ its direction, ranging from prolate shapes (γ = 0o) to oblate (γ = 60o) shapes.
In our description of both SN and NS matter, the only non-nucleonic component of matter present in our calculations
is a uniform density background of electrons.
In the work presented, unless stated otherwise, the Skyrme parameterization SkM∗ [15] is used.
RESULTS
A selection of results are presented to illustrate a range of numerical and physical effects encountered.
Numerical Considerations
Effect of Finite Cell Size on Nuclear Shape. The effect of the finite computational volume on results obtained must
be carefully examined. Firstly, does the geometry of the cell affect the nuclear shapes obtained and their energies?
FIGURE 1. Obtaining a double nuclear shape. The right picture shows a 3D rendering of the neutron density profile at nb = 0.08
fm−3, yp = 0.3, T = 0.0 MeV, A = 700, and (β ,γ) = (1.0, 0o). The configuration shown in the left picture is the result of a calculation
in a box double the size in the z-direction - with A = 1400 - at otherwise the same parameter values. Blue indicates the lowest
densities and red the highest.
Calculations were performed in a box that is double the length in the z-direction compared to the other two
directions. The expectation was to find a configuration similar to the one in a cubic box at the same baryon number
density (with half the number of nucleons), with the same free energy energy. Fig. 1 displays one such configuration.
The nucleon density distribution has been rendered in three dimensions, with blue indicating the lowest densities and
red the highest. The right-hand cell displays the nuclear shape obtained within a cubic cell; it is similar to the ‘lasagna’
phase, with an additional cylindrical bridge joining the slabs. The left-hand cell displays a shape that is very similar to
two instances of the modified lasagna shape adjacent to each other. The free energy densities of the two configurations
agree to within 1 part in 104.
The results of a second test are displayed in fig. 2. The central panel shows the free energy density of a configuration
as the deformation in the z-direction, β , is increased at γ = 0o. The two panels on either side display the density of
the neutron distribution integrated over the x-direction for β = 0.0 and 0.24. As the deformation β increases, there
are two sharp transitions. The nuclear configuration starts as a spherical nucleus immersed in a neutron gas, displayed
on the left hand side. The first energy jump close to β = 0.10 corresponds to a transition from a deformed nuclear
configuration to a cylindrical configuration - ‘spaghetti’. The second transition close to β = 0.22 is in fact a transition
back to the original spherical configuration, except that the computational volume is now centered halfway between
adjacent nuclear configurations, rather than on the configuration itself. The fact that the free energy density obtained
for both configurations is identical indicates that the finite cell size does not introduce a spurious energy.
Spurious Shell Effects. Although the nuclear structures obtained are not artifacts of the finite cell size, the finite
cell size can be a source of spurious shell effects. In analogy with a Fermi gas in a box, shell effects caused by the
discretization of the physical space due to the finite computational volume may occur. These effects will manifest
themselves especially at high densities and temperatures when a large number the nucleons are unbound. To illustrate
the form of these numerical shell effects, the free energy-density is plotted in Fig. 3 as a function of A in a wide
FIGURE 2. Middle plot: Free energy density versus deformation parameter β , for nb = 0.06 fm−3, A = 500, yp = 0.04, and γ =
0o. Left and right: integrated density distributions integrated over the x-direction for β = 0 and 0.24, γ = 0o.
FIGURE 3. Free energy-density f versus nucleon number A at nb = 0.11 fm−3, (β ,γ)=(0,0o) and T = 2.5 MeV. The form of the
curve is dominated by a spurious shell energy caused by the finite box discretization of the continuum neutron energy spectrum.
region up to A=2000 at a density of nb = 0.11 fm−3, (β ,γ) = (0.0,0o) and T = 2.5 MeV. The pronounced oscillations
in the free energy-density curve are entirely numerical in origin. With increasing box size and temperature the bulk
energy-density of the matter in the box approaches that derived from analytic formulae for the free energy-density of
a free nucleon gas. These numerically induced shell effects manifest themselves in a form distinct from the physical
shell effects, arising due to a combination of the shell energies of bound nucleons and unbound neutrons scattered
by the bound nucleons, which are characterized by more rapid fluctuations in nucleon number A typically at lower
densities and temperatures and lower values of A. The distinction between the form and occurrence of the two types of
shell effects is encouraging as it allows their easy identification. In such a situation where the shell effects are purely
spurious, the physical value of the free energy-density is not the minimum, but that value to which the free energy
tends at high A.
In order to accurately locate free energy-density minima as a function of A and in energy-density surfaces, the
numerical shell effects, which introduce spurious minima, should be identified and corrected for, a work currently in
progress.
Coverage of Parameter Space
For each run of the code at a given temperature T and baryon number density nb = A/V , where A = N +Z is the
number of nucleons (N neutrons and Z protons), and V the volume of the unit cell, up to four free parameters need
to be specified: A, the proton fraction yp = Z/A, and the quadrupole moment parameters β and γ . Clearly at a given
value of nb, A and V are not uniquely determined and calculations have to be performed over a range of values of A,
or equivalently V , at that given density to find the value which gives the minimum free energy-density. The proton
fraction is kept constant at yp = 0.3 for SN matter calculations [17], whereas for NS matter the proton number must
be varied to determine the energy minimum with respect to yp corresponding to beta-equilibrium. Finally, when the
quadrupole constraint is applied, the deformation parameters β and γ are also free parameters and must be varied over
the deformation space, searching for shapes corresponding to minima of the total energy.
To build an EoS of the pasta phases of inhomogeneous matter, such a series of calculations has to be performed at
each point of the parameter space (nb,T,yp) with adequate spacing, which is extremely computationally intensive. Part
of the task is to find the optimum strategy to obtain adequate coverage of parameter space; for example, some areas of
parameter space are physically less important than others; this will lead to selection of those values of the parameters
that are most likely to be physically manifest.
In the case of SN matter, for each density calculations were performed at yp = 0.3, T = 0, 2.5, 5, 7.5 MeV, values
of nucleon number A = 100-3000 with a step of 100, β = 0.0 - 2.0 and γ = 0o, 30o and 60o. Fig. 4 displays the
energy-deformation surfaces obtained at the density values nb = 0.08 fm−3 and γ = 60o for temperatures of T = 0
MeV and 2.5 MeV. Physical shell effects associated with bound nucleons are visible at zero temperatures. The result
of the shell effects is many local minima in the surfaces at zero or low temperature, of order of 5 keV fm−3 deep.
FIGURE 4. Free energy-deformation surfaces at nb = 0.08 fm−3, γ = 60o and T = 0 MeV (left) and T = 5.0 MeV (right).
The variation in shell energy with respect to β at constant A is expected to be caused by the varying shell structure of
the bound nucleons. Magierski and Heenen [12] suggest that in neutron star matter, the shell effects of the unbound
neutrons (caused by their scattering off the nuclear structure) contribute significantly to the variation of energy with
deformation; however, this is not expected to be the case in SN matter because the density of unbound neutrons is an
order of magnitude smaller than in NS matter at a corresponding density.
The shell effects become washed out at higher temperature leaving behind the minima corresponding to different
nuclear geometries - minima that result from the competition of nuclear surface energy and Coulomb energy. These
occur not only with respect to A, but also with respect to β , and result in several local geometrical minima appearing
on each energy-deformation surface. For example, at T = 5.0 MeV there are two broad minima that appear, centered at
β ≈ 0.3,A≈ 800 and β ≈ 0.7,A≈ 800. The geometrical configurations they correspond to are slab like and cylindrical
hole like respectively. They are separated by a ‘ridge’ in the surface, running along β = 0.6 which delineates the regions
on the energy surface where the two geometries occur. The free energy-density changes smoothly in the vicinity of the
minima, and the nuclear geometry locally remains the same.
An example of a calculation of the preferred state of NS matter is given in Fig. 5- 6. The density is nb = 0.06fm−3. To
obtain configurations of beta-equilibrium matter in the inner crust of NS, the free energy density at a given deformation
(β ,γ), must be not only minimised with respect to the total nucleon number A but also with respect to the proton
number Z. This procedure is illustrated in Fig. 5 at a density of nb = 0.06 fm−3, γ = 0o and for two different values
of β : 0.0 and 0.12. It is generally found that the position of the minimum with respect to A and Z is independent of
(β ,γ). Thus the (A,Z) position of minima at a zero deformation can be obtained, and then a search over deformation
space at those specific (A,Z) values gives the minimum energy nuclear shape. The left hand panel of Fig. 6 shows the
energy as a function of deformation at (A,Z) = (900,20). The right hand panel shows the absolute minimum energy
configuration in the form of the neutron density integrated over the y-direction; in this case, it is a bcc lattice of roughly
spherical nuclear shapes
The Pasta Shapes
A wide range of nuclear configurations emerge from out calculations. At yp = 0.3 and at temperatures up to T = 5
MeV, the canonical ‘pasta’ shapes appear as absolute minima in the total energy for both Skyrme parameterizations
used at densities of ∼0.04 fm−3 (spherical nuclei), ∼0.06 fm−3 (cylindrical nuclei), ∼0.08 fm−3 (slab nuclei), ∼0.09
fm−3 (cylindrical holes in nuclear matter), ∼0.10 fm−3 (spherical holes in nuclear matter), with uniform matter
appearing at higher densities.
However, when one looks at the energy surface at a given density, many of the pasta shapes appear as local minima
separated from the absolute minima by up to a few keV fm−3, suggesting that matter is somewhat disordered with
no one phase of nuclear shape existing over a macroscopic extent. Fig. 7 shows renderings of the neutron density
distribution at nb = 0.083 fm−3, yp = 0.3 and T = 2.5MeV obtained in various local minima in the energy-deformation
surface. Slab nuclei, cylindrical holes and spherical holes and intermediate pasta shapes all appear in local minima
FIGURE 5. Free energy density contour plots as a function of Z and A for nb = 0.06 fm−3, γ = 0o and β = 0.0 (left) and β = 0.12
(right).
FIGURE 6. Left: Free energy density versus deformation parameters (β ,γ) for minima at, (A,Z) = (900,20). Right: z-integrated
neutron density distributions for the absolute minimum energy configuration.
separated from the absolute minima by less than 5 keV fm−3.
Finally, many shapes different to the canonical pasta shapes are observed, often as local minima themselves. It is
likely that the transition between the canonical pasta shapes is mediated by a series of transitions through intermediate
shapes. All this supports the argument that the the thermodynamic quantities of bulk inhomogeneous matter change
smoothly through the pasta region up until the final phase transition to uniform matter, which is weakly first order.
The Nuclear Force Dependence on the Appearance of Pasta
The dependence of the density regions in which various pasta shapes appear on the Skyrme parameterization is
currently being tested; a preliminary result is given here. The NS matter calculation displayed in Fig. 5- 6 is repeated
for the Sly4 parameterization [16] Similarly to Fig. 6, the left hand panel of Fig. 8 shows the energy as a function
of deformation for Sly4 at (A,Z) = (900,20) (one of the beta-equilibrium minima for this parameterization). The
right hand panel shows the absolute minimum energy configuration in the form of the neutron density integrated over
the z-direction. Here, a slab-like nuclear shape is obtained as opposed to the absolute minimum nuclear shape for
FIGURE 7. Nuclear configurations obtained at local minima at nb = 0.083 fm−3, yp = 0.3 and T = 2.5MeV: top left - A=460, top
right - A=2200, bottom left - A=280, bottom right - A=1300.
SkM∗, which was spherical. Indeed, all minima found so far using the SkM∗ at beta-equilibirum have corresponded
to roughly spherical nuclear distributions - that is, no pasta shapes have so far been obtained as absolute minima at a
given density. The Sly4 parameterization results in a rich variety of pasta shapes at energy minima at beta-equilibrium,
in a sharp contrast to the SkM∗ parameterization. The crucial difference between the two parameterizations is the
higher symmetry energy of Sly4 over the pasta density range, which gives a larger proton fraction at beta-equilibrium.
A higher proton fraction promotes larger nucleon clusters, and pasta shapes become more energetically favorable.
Indeed, at higher proton fractions, pasta shapes appear for SkM∗ as energy minima with respect to β , but of course
these configurations are no longer in beta-equilibrium. This echoes the results of studies which use semi-classical
models; see, for example, the dependence of the crust-core transition on asymmetry energy [18]. Also, this result
is at odds with some semi-classical models which use the Sly family forces and yet find that pasta phases are not
energetically preferred [19]. No pasta in the crust would lead to a sharper phase transition to uniform matter and
a clear delineation of the solid crust and liquid core. Pasta in crust would imply a smoother, more gradual phase
transition to uniform matter as well as a more gradual transition of the mechanical (and other) properties of the crust.
The difference between these two scenarios may translate into a prediction of an observable difference in the dynamics
of neutron stars and a potential probe of the asymmetry energy of sub-nuclear matter. Investigation of this feature over
a wider range of Skyrme forces is in progress.
One final note: a preliminary investigation of SN matter, where the proton fraction is held fixed at yp = 0.3 indepen-
dent of Skyrme used, indicates a much weaker dependence of the pasta phase diagram on choice of parameterization.
The Transition to Uniform Matter
By taking the minimum free energy-density configurations of the densities and temperatures for which SN matter
was calculated (nb = 0.04, 0.06, 0.08, 0.09, 0.10, 0.11, 0.12 fm−3, T = 0, 2.5 and 5 MeV) the EoS can begin to be
constructed.
FIGURE 8. Left: Free energy density versus deformation parameters (β ,γ) for the minimum at (A,Z) = (900,30). Right: z-
integrated neutron density distribution for the absolute energy minimum.
For the present model to produce the transition to uniform matter consistently, the various thermodynamic quantities
calculated should tend in some way towards those calculate in the uniform matter where the Skyrme energy-density
is given analytically. The difference in free energy-density and pressure between the inhomogeneous matter and the
uniform matter Skyrme-HF model is plotted in Fig. 9 for the densities listed above and a temperature of 2.5 MeV.
The difference in free energy-density ∆ f/ fUniform = ( fUniform − fNon−Uniform)/ fUniform is displayed in the left plot and
is seen to vanish relatively smoothly as the transition density nb ≈ 0.10− 0.11 fm−3 is approached. The equivalent
pressure difference ∆p/pUniform = (pUniform − pNon−Uniform)/pUniform is shown on the right hand plot and exhibits a
discontinuity at the transition density in a way that suggests the occurrence of a phase transition, as expected. A similar
discontinuity shows up when one looks at the variation of entropy with density at finite temperature. More detailed
calculations around the transition density are required to determine the exact nature of the transition. Physically, the
transition is expected to be first order, as in a liquid-gas transition.
One caveat; one should bear in mind that spurious shell effects, yet to be fully taken into account, might alter the
position of the minima in parameter space at densities and temperatures close the transition to uniform matter.
Ordering a Disordered Phase
Our calculations, like recent 3D Hartree-Fock calculations, have indicated that the pasta phase is somewhat disor-
dered: the large number of closely spaced local minima make it likely that a variety of phases will coexist at a certain
density. In that case, one can expect an averaging out of their mechanical and thermal properties on a meso- and macro-
scopic scale. Is there any way of ordering the phases? One possibility is the magnetic field: here the energy density of
the magnetic field is estimated and compared to the typical difference between minima. For a typical surface magnetic
field of an ordinary radio pulsar, B ≈ 1012 G, the energy density of the field is EB = 12µ0 B
2
≈ 10−5 keV fm−3. This is
much less than the typical difference between minima ≈ 1-10 keV fm−3. However, if one considers magnetic fields
typical to magnetars ≈ 1015 G, and energy density of EB ≈ 10 keV fm−3 is obtained. Magnetic fields of this order of
magnitude could thus have an effect on the microscopic structure of matter. (As a final note, these are magnetic fields
at the surface of the star; the magnitudes of fields deep in the crust are still a matter of speculation; however, they could
reach magnitudes of 1016 − 1017 G).
CONCLUSIONS AND FUTURE DEVELOPMENT
The self-consistent 3D Skyrme-Hartree-Fock+BCS method has been applied to the study of the inhomogeneous ‘pasta’
phase of bulk nuclear matter. Constraints on both independent quadrupole moments of the neutron density (β ,γ) allow
FIGURE 9. Left: Difference between the free energy-density of uniform matter and non-uniform matter ∆ f divided by the free
energy-density of non-uniform matter fUniform as a function of density at T = 2.5 MeV. Right: Difference between the pressure of
uniform matter and non-uniform matter ∆p divided by the pressure of non-uniform matter pUniform at the same temperature.
a self-consistent determination of the energy-density of different nuclear geometries at a given density and temperature.
Nucleon number A and, in neutron star matter proton number Z, are also free parameters. The variation of all free
parameters at a given density and temperature maps out an energy-deformation surface f = f (A,Z,β ,γ). It has been
demonstrated that the present model smoothly spans the transition from isolated, roughly spherical nuclei surrounded
by a low density gas of nucleons to uniform nuclear matter with increasing temperature and baryon number density.
The free energy-density of non-uniform matter smoothly tends toward that of uniform matter as the transition density
is reached. Discontinuities in the pressure and entropy are suggestive of a phase transition to uniform matter; further
calculations are required to determine whether that phase transition is first or second order. The five canonical types
of pasta are seen to emerge naturally from the model as well as a large variety of nuclear shapes intermediate between
them. At a given density and temperature, many local minima occur corresponding to various nuclear geometries,
indicating that a variety of pasta shapes coexist and the thermodynamical properties vary smoothly throughout the
pasta regime rather than a series of phase transitions occurring from one bulk phase made up of one specific pasta
shape to another: the properties of the different pasta configurations that make up the matter are likely to be averaged
on a meso- and macroscopic scale. Work is in progress on extending of the present calculation over a larger area of
baryon number density, proton fraction and temperature using multiple Skymre parameterizations, on extending the
current model to include the more general Bloch boundary conditions and so calculate the band structure of the pasta
phases, and on calculating accurately the density of transition to uniform matter in NS and SN matter.
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